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We study the localization transitions for coupled one-dimensional lattices with quasiperiodic
potential. Besides the localized and extended phases there is an intermediate mixed phase which can
be easily explained decoupling the system so as to deal with effective uncoupled Aubry-André chains
with different transition points. We clarify, therefore, the origin of such an intermediate phase finding
the conditions for getting a uniquely defined mobility edge for such coupled systems. Finally we
consider many coupled chains with an energy shift which compose an extension of the Aubry-André
model in two dimensions. We study the localization behavior in this case comparing the results with
those obtained for a truly aperiodic two-dimensional (2D) Aubry-André model, with quasiperiodic
potentials in any directions, and for the 2D Anderson model.
I. INTRODUCTION
Since the discovery of the Anderson transition [1], the
problem of localization of the wavefunctions in low di-
mensional quantum systems has attracted a lot of both
theoretical and experimental interest in the scientific com-
munity [2–8]. Anderson localization predicts that the
single particle wavefunctions become localized in the pres-
ence of some uncorrelated disorder, leading to a metal-
insulator transition caused by the quantum interference
in the scattering processes of a particle with random
impurities and defects.
Although the standard Anderson transition occurs in three
dimensions, an analogous effect may appear in one dimen-
sion (1D) in the presence of a so-called quasi-disorder.
The most popular case is provided by the well celebrated
Aubry-André model [4, 5] which exhibits a transition be-
tween a phase where all the eigenstates are localized and
another one where they are extended. Generalizations of
this model have been recently proposed by exponential
short-range hopping [9], flatband networks [10], higher
dimensions [11], power-law hopping [12], and breaking
the time-reversal symmetry by a magnetic flux [13]. Dy-
namical properties of a generalized Aubry-André model
have also been investigated [14].
Strongly motivated by the recent experiments of Bloch
and cowokers [15–17] and by the feasibility of realizing
several copies of the Aubry-André system, by cold atoms
or optical waveguides [18, 19], we investigate the localiza-
tion transitions for coupled-chains in a quasi-disordered
environment. Moreover, in the experiment reported in
Ref. [17], a coexistence was observed of localized and
delocalized states due to the extension of the kinetic term
persisting even in the strong tight binding limit of a con-
tinuous one-dimensional bichromatic model, although,
in that limit, there is not expected to be any range of
parameters where localized and extended states can co-
exist. The authors in Ref. [17] explain the discrepancy
between the theoretical predictions of a narrower interme-
diate phase and the observations by averaging over many
Aubry-André chains produced in the experiment, which
can have slightly different parameters, due to the finite
extension of the beams creating the optical lattices, so
that chains on the outside of the system can experience
slightly lower lattice depths than those in the center. As
we will see, an analogous effect can be obtained if one
allows those chains to be coupled. In this case the inter-
mediate phase of coexistence may increase and, eventually
can contribute to the discrepancy discussed above.
We will perform, therefore, a systematic study of the
localization transitions of two and many coupled chains
in order to clarify also the appearance of the mobility
edges in such composed systems. The presence of an
intermediate phase where extended and localized states
coexist make the definition of a mobility edge questionable
[20, 21]. We make clear the origin of such an intermediate
phase finding the conditions for a unique and well defined
mobility edge for such aperiodic coupled chains. We
will consider, finally, many coupled chains which have
shifted energies one compared to the other, obtaining as a
result a generalized Aubry-André model in two dimensions.
We observe that in this case, on average, the extension
of the wavefunctions, for large quasiperiodic potential
is much larger than that obtained in the presence of
a true uncorrelated disorder. A sharper localization is,
instead, obtained by using quasiperiodic potentials in any
directions, considering a truly aperiodic 2D Aubry-André
model [11].
The paper is organized as it follows: in Sec. II we will
briefly review the known results for a single Aubry-André
model, with both nearest-neighbor and further hopping
terms, in Sec. III we will consider two coupled chains for
short and longer hopping terms, discussing the intermedi-
ate phase, and in Sec. IV we will generalize the coupling
to a generic number of chains. Finally, in Sec. V we will
consider the generalization of the Aubry-André model in
two dimensions, by coupling many chains or imposing
aperiodic potentials in both directions, and make the
comparison with the Anderson model.
ar
X
iv
:1
80
4.
03
08
6v
3 
 [c
on
d-
ma
t.d
is-
nn
]  
18
 M
ay
 20
19
2II. THE AUBRY-ANDRÉ MODEL
Let us consider the following one-dimensional lattice
model, called the Aubry-André chain,
H =
∑
i 6=j
tij cˆ
†
i cˆj + λ
∑
i
cos(2piτi) cˆ†i cˆi (1)
where τ = 1+
√
5
2 is the golden ratio, cˆ
†
i , cˆi are the (bosonic
or fermionic) creation and annihilation operators defined
on the lattice site i, tij the hopping parameter and λ the
strength of the quasi-disordered potential. It has been
rigorously proven [22] that if the sum is restricted to
nearest-neighbor sites, tij = t1(δj,i+1 + δj,i−1), the above
system shows a transition at
λ = λc = 2t1 . (2)
Above λc all eigenstates are exponentially localized, while
below they are all delocalized. On the other hand, if the
sum is extended to further neighbors, there is a mobility
edge [23], namely, the critical strength of the potential λc,
depends on the energy levels En, and providing that the
hopping parameter decays exponentially with the distance
(|t`| ≡ |ti,i±`| = e−p` with p some positive real value), the
transition can be calculated analytically [9, 24]
λc =
2t1 + 2Ent2/t1
1 + (t2/t1)2
. (3)
This expression is exact for exponential form of the hop-
ping parameter but is also in a very good agreement with
numerical results if one considers terms up to next-nearest
neighbors with t2 much smaller than t1, neglecting further
terms which can be assumed exponentially small. The
transition from a localized state to a delocalized one can
be detected by the measure of the so called inverse par-
ticipation ratio (IPR), which is a quantity derived from
the eigenfunctions of the hamiltonian, H = ∑i,j cˆ†iHij cˆj ,
defined on the lattice with L sites,
L∑
j=1
Hijψn,j = Enψn,i (4)
so that the IPR is defined for any eigenstate
I
(n)
P =
∑
i |ψn,i|4∑
i |ψn,i|2
. (5)
For normalized wavefunctions,
∑
i |ψn,i|2 = 1, one gets
0 ≤ I(n)P ≤ 1. The two extreme limits can be explain as it
follows. For a very extended state |ψn,i| ∼ 1/
√
L, there-
fore I(n)P ∼ 1/L, which goes to zero in the thermodynamic
limit, while for a strongly localized state |ψn,i| ∼ δi,i0 , so
that I(n)P ∼ 1. In Fig. 1, as examples, the IPRs of two
eigenstates are reported, related to the ground state and
to a state at the band energy center for the Aubry-André
model with nearest-neighbor hopping. The value of λ for
which the IPR drops to zero is the critical point λc.
λ
1 1.5 2 2.5 3 3.5 4
PI
0
0.2
0.4
0.6
0.8
1
gsE
 0≈E 
Figure 1: IPR for two different eigenvalues of the Aubry-André
Hamiltonian with nearest-neighbor hopping, with L = 1000
sites, and λ in units of t1.
III. TWO COUPLED CHAINS
Let us now consider two copies of the Aubry-André chain
coupled together by some additional transverse hopping
parameters. The general form of the Hamiltonian is the
following
H =
∑
i 6=j
(
tij cˆ
†
i cˆj + tij dˆ
†
i dˆj
)
+
∑
i 6=j
tdij
(
cˆ†i dˆj + dˆ
†
j cˆi
)
+
∑
i
td0
(
cˆ†i dˆi + dˆ
†
i cˆi
)
+
∑
i
(i)
(
cˆ†i cˆi + dˆ
†
i dˆi
)
(6)
where (i) = λ cos(2piτi) are the on-site energies, tij the
hopping parameter between sites of the same chain, tdij and
td0 are the hopping parameters between sites belonging to
different chains and with different or same on-site energies
respectively, cˆ and dˆ are the operators defined on the two
different chains. In the following subsections we will study
numerically and analytically the localization transitions
for this system.
A. Nearest-neighbor hopping
We first review the system of two chains coupled by
nearest-neighbor hopping, introduced in Ref. [20] and
commented on in Ref. [21]. This model is described by
Fig. 2.
Figure 2: Two coupled chains: the red line describes the
nearest-neighbor intra-chain hopping t1, the blue line the
transverse hopping td0, the green line the nearest-neighbor
inter-chain hopping td1.
In terms of the spinor
bˆ =
(
cˆ
dˆ
)
, (7)
3the Hamiltonian can be written
H =
∑
i
bˆ†iE(i)bˆi +
∑
i
(
bˆ†iT1 bˆi+1 + bˆ
†
i+1T1 bˆi
)
, (8)
where
E(i) =
(
(i) td0
td0 (i)
)
(9)
and
T1 =
(
t1 t
d
1
td1 t1
)
, (10)
where t1 = ti,i±1 is the nearest-neighbor hopping between
the i-th and the (i± 1)-th site of the same chain, td0 is the
transverse nearest-neighbor inter-chain hopping between
the two chains and td1 = tdi,i±1 is the nearest-neighbor
inter-chain hopping between the i-th and the (i± 1)-th
site of the two different chains (actually, it is already
a next-nearest-neighbor hopping parameter between the
two neighboring chains). Introducing the wavefunction
Ψn,i =
(
ψ
(1)
n,i
ψ
(2)
n,i
)
(11)
where ψ(α)n,i are the amplitudes of the wavefunctions at the
i-th site of the α-th chain (α = 1, 2). The Schrödinger
equation in this basis, can be written as
(En1− E(i)) Ψn,i = T1 (Ψn,i+1 + Ψn,i−1) (12)
which explicitly corresponds to the following coupled equa-
tions(
En − (i)
)
ψ
(1)
n,i − td0ψ(2)n,i = t1
(
ψ
(1)
n,i+1 + ψ
(1)
n,i−1
)
+ td1
(
ψ
(2)
n,i+1 + ψ
(2)
n,i−1
)
(13)(
En − (i)
)
ψ
(2)
n,i − td0ψ(1)n,i = t1
(
ψ
(2)
n,i+1 + ψ
(2)
n,i−1
)
+ td1
(
ψ
(1)
n,i+1 + ψ
(1)
n,i−1
)
(14)
Applying the following canonical transformation
ψ±n,i =
ψ
(1)
n,i ± ψ(2)n,i√
2
(15)
the system is exactly mapped to two uncoupled Aubry-
André chains described by Eq. (4), explicitly,
[En − ((i)− td0)]ψ−n,i = (t1 − td1)(ψ−n,i+1 + ψ−n,i−1), (16)
[En − ((i) + td0)]ψ+n,i = (t1 + td1)(ψ+n,i+1 + ψ+n,i−1). (17)
The full spectrum Em is composed by two different spectra
E−n = En+ td0 and E+n = En− td0 of two uncoupled Aubry-
Andrè chains whose localization transitions occur at
λ+c = 2(t1 + td1) (18)
λ−c = 2(t1 − td1) (19)
and can be sorted in ascending order labeling m =
1, . . . , 2L, so that, for td0 > 0, E0 − td0 ≤ Em ≤ EL + td0.
The corresponding eigenstates ψm,i are equal to some ψ+n,i
or ψ−n,i depending on the energy level. In particular, for
λ between the two critical values, the eigenstates ψm are
localized or delocalized depending on whether they cor-
respond to ψ−n or ψ+n . This argument can explain Fig. 3
where the IPR, I(m)P =
∑
i |ψm,i|4/
∑
i |ψm,i|2, is shown,
in logarithmic scale, as a function of λ and energy. Below
λ−c all states are delocalized, above λ+c are all localized
and in between, in an intermediate phase, they coexist.
In Fig. 3, in the plot below, the two spectra E+ and
E− of the two effective chains are reported for a specific
value of λ. Since there is a shift of 2td0 the nature of the
states at the external bands is dictated only by one of the
two effective Aubry-André chains. In this situation it is
questionable speaking about the presence of a mobility
edge, as explained in Ref. [21]. As final remark, one can
notice that for the pure ladder configuration, with td1 = 0,
the two effective uncoupled chains differ only by an energy
shift while the critical values are the same as they are
without any coupling.
E
3− 2− 1− 0 1 2 3
Chain 1
Chain 2
Figure 3: Inverse participation ratio (IPR), in 10-base logarith-
mic scale, for two coupled Aubry-André chains with L = 200
sites each and with nearest-neighbor hopping t1 = 1, td1 = 0.2
and td0 = 0.5. The two vertical lines are given by Eq. (18)
(red right line) and Eq. (19) (blue left line). (Below) Energy
spectra, E+ and E−, of the two effective decoupled chains at
λ = λ−c = 1.6.
4B. Generalization to longer range hopping and the
case with next-nearest neighbors
We can generalize the previous results to many-neighbor
hopping parameter. The Hamiltonian can be written as:
H =
∑
i
bˆ†iE(i)bˆi +
∑
i,`
(
bˆ†iT`bˆi+` + bˆ
†
i+`T`bˆi
)
(20)
where now T` is defined by
T` =
(
t` t
d
`
td` t`
)
(21)
and t` = ti,i±`, td` = tdi,i±` are the `-th-neighbor hopping
terms for the sites belonging to the same chain and to
different chains respectively. Introducing the wavefunc-
tion and by the transformation (15), in the same way as
before, one gets two decoupled Schrödinger equations[
En − ((i) + td0)
]
ψ+n,i =
∑
`
(t` + td` )(ψ+n,i+` + ψ
+
n,i−`)(22)[
En − ((i)− td0)
]
ψ−n,i =
∑
`
(t` − td` )(ψ−n,i+` + ψ−n,i−`)(23)
describing two uncoupled extended Aubry-André models.
1. Next-nearest-neighbor hopping
Let us consider the case with second-nearest-neighbor
hopping, that can be described in Fig. 4 so that Eqs. (22),
Figure 4: Two coupled chains: the red line describes the
nearest-neighbor hopping t1, the pink line the second-nearest-
neighbor hopping t2, the blue line the transverse hopping td0,
the green line the nearest-neighbor inter-chain hopping td1, the
yellow line the second-nearest-neighbor inter-chain hopping
td2.
(23) becomes simply[
En − ((i)− td0)
]
ψ−n,i = (t1 − td1)(ψ−n,i+1 + ψ−n,i−1)
+(t2 − td2)(ψ−n,i+2 + ψ−n,i−2) (24)[
En − ((i) + td0)
]
ψ+n,i = (t1 + td1)(ψ+n,i+1 + ψ+n,i−1)
+(t2 + td2)(ψ+n,i+2 + ψ+n,i−2) (25)
which are two uncoupled chains. In the hypothesis of
(t2 ± td2) (t1 ± td1) and neglecting further terms which
can be assumed exponentially small, we can resort to the
analytical result reported in Eq. (3) for a single extended
Aubry-André model [9, 24], getting the following values
of the critical potentials
λ−c =
2(t1 − td1) + 2(En + td0)
(
t2−td2
t1−td1
)
1 +
(
t2−td2
t1−td1
)2 (26)
λ+c =
2(t1 + td1) + 2(En − td0)
(
t2+td2
t1+td1
)
1 +
(
t2+td2
t1+td1
)2 (27)
As one can see from Fig. 5, the full spectrum results from
the overlap of the spectra of two uncoupled chains so that
in general one can have an intermediate phase defined as
a regime of parameters for which we have a coexistence
of localized and delocalized states.
For the sake of simplicity of notation let us define
A+ =
t2 + td2
t1 + td1
(28)
A− =
t2 − td2
t1 − td1
(29)
As shown in Fig. 5, the localized and delocalized states are
delimited by the transition lines defined by Eqs. (26), (27)
which are straight lines as functions of the energy with
slopes 2A±/(1 +A2±). In order to determine the crossing
point one can impose the condition λ+c = λ−c and solve
the equation for the energy, getting
E∗ = 1(A+ −A−)(1−A+A−)
[
td0(1 +A+A−)(A+ +A−)
− td1(2 +A2+ +A2−) + t1(A2+ −A2−)
]
(30)
for A+ 6= A− and A+ 6= 1/A−, as shown in Fig. 5. On the
other hand, if A+ = A− (or A+ = 1/A−), the two lines
are parallel as in the case of Fig. 7. The most relevant
physical situation is when A+ = A− (in agreement with
the hypothesis t2 ± td2  t1 ± td1), namely when
t1
t2
= t
d
1
td2
. (31)
By this condition we have two parallel critical lines with
slope 2(t2/t1)1+(t2/t1)2 and a coexisting region where there are
localized and delocalized states, as show in Fig. 6. If we
now impose an additional condition to Eq. (31) for the
hopping parameters
td0
td1
= t1
t2
(32)
which is also quite reasonable, we get that λ+c = λ−c
for any value of the energy. From Eqs. (31) and (32)
we can express the critical potential in terms of only
t1/t2, getting the same result as that of a single chain
5E
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Figure 5: Inverse participation ratio (IPR), in 10-base logarith-
mic scale, for two coupled Aubry-André chains (L = 200) with
second-nearest-neighbor hopping: t1 = 1, td1 = 0.1, t2 = 0.1,
td2 = 0.05 and td0 = 0.5. The lines are given by Eq. (26) (blue
line) and Eq. (27) (red line) in clockwise order. (Below) Energy
spectra, E+ and E−, of the two effective decoupled chains
along λ = λ+c (upper plot) and λ = λ−c (lower plot). The
yellow vertical line indicates the crossing energy point E∗.
with exponentially short-range hopping, Eq. (3). This
means that we get a uniquely defined mobility edge which
separates the localized phase from the delocalized one,
as shown in Fig. 7. The above results, to our knowledge,
have not been presented before.
C. Intermediate phase: coexistence of extended
and localized states
We can define two different quantities that draw the
contour of the region of parameters where localized and
delocalized states coexist [25].
From the definition of IPR for an arbitrary state, Eq. (5),
we can take the average over a set of energy levels whose
E
2− 1− 0 1 2 3 4
Chain 1
Chain 2
Figure 6: Inverse participation ratio (IPR), in 10-base logarith-
mic scale, for two coupled Aubry-André chains (L = 200) with
second-nearest-neighbor hopping: t1 = 1, td1 = 0.1, t2 = 0.1,
td2 = 0.01 and td0 = 0.5. The lines are described by Eq. (26)
(blue left line) and Eq. (27) (red right line). (Below) Energy
spectra, E+ and E−, of the two effective decoupled chains
along λ = λ−c .
number is NL
〈IP 〉 =
NL∑
n
I
(n)
P
NL
(33)
which vanishes when all the NL states are extended. One
can use also a complementary quantity, the normalized
participation ratio (NPR)
N
(n)
P =
1
L
∑
i |ψn,i|4
(34)
and, analogously, from that, one defines its average over
a subset of states,
〈NP 〉 =
NL∑
n
N
(n)
P
NL
(35)
where L is the size of the system, which vanishes when
all the NL states are localized.
In the regime where both 〈IP 〉 and 〈NP 〉 remain finite,
the spectrum of the Hamiltonian allows for a phase which
has both spatially extended and localized eigenstates.
This behavior defines an intermediate phase (the shaded
regions in Fig. 8) made by a mixture of extended and
localized states. In Fig. 8 we plotted 〈IP 〉 and 〈NP 〉
got from averaging over all the eigenstates, for nearest-
neighbor and next-nearest-neighbor cases of two coupled
6E
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Figure 7: Inverse participation ratio (IPR), in 10-base loga-
rithmic scale, for two coupled Aubry-André chains (L = 200)
with second-nearest-neighbor hopping: t1 = 1, td1 = 0.1,
t2 = 0.1, td2 = 0.01 and td0 = 1. Since Eqs. (31), (32) are
fulfilled, so that the critical line can be written in terms
of only the ratio t1/t2, the mobility edge, described by the
blue straight line, is given by Eq. (3). (Below) Energy spec-
tra, E+ and E−, of the two effective decoupled chains along
λ = λ−c = λ+c .
λ
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Figure 8: The averaged IPR and NPR, 〈IP 〉 and 〈NP 〉, ob-
tained from the spectrum reported in Fig. 3 (nearest-neighbor
case) and in Fig. 6 (next-nearest-neighbor case).
Aubry-André models. This intermediate phase can be
detected also dynamically, as shown in Refs. [14, 17],
measuring a finite density imbalance between even and
odd sites due to an initial charge density wave state
persisting in time.
IV. MANY COUPLED CHAINS: SQUARE
LATTICE WITH QUASI-PERIODICITY IN ONE
DIRECTION
Let us now consider a further generalization, coupling S
identical Aubry-André chains, as in Ref. [26], so that the
system is described by the following Hamiltonian
H =
∑
i 6=j,α
tij cˆ
†
i,αcˆj,α +
1
2
∑
i 6=j,α 6=β
tdij,αβ
(
cˆ†i,αcˆj,β + cˆ
†
j,β cˆi,α
)
+12
∑
i,α6=β
td0,αβ
(
cˆ†i,αcˆi,β + cˆ
†
i,β cˆi,α
)
+
∑
i,α
(i)cˆ†i,αcˆi,α
(36)
For simplicity, we will consider only couplings between
nearest-neighbor chains, namely
∑
α6=β represents
∑
〈α,β〉,
a sum over nearest-neighbor chains, so that we can keep
using the same notation as before, td0 ≡ td0,α α±1 and
tdij ≡ tdij,αα±1, where tdi i±` = td` . By these definitions, the
Hamiltonian can be rewritten as in Eq. (20) where now
bˆi =
 cˆi,1...
cˆi,S
 (37)
and the S × S matrices
E(i) =

(i) td0 0 . . . 0
td0 (i) td0
. . . ...
0 td0 (i)
. . . 0
... . . . . . . . . . td0
0 . . . 0 td0 (i)

(38)
and
T` =

t` t
d
` 0 . . . 0
td` t` t
d
`
. . . ...
0 td` t`
. . . 0
... . . . . . . . . . td`
0 . . . 0 td` t`

(39)
The matrices E(i) and T` can be diagonalized simultane-
ously by the same unitary transformation and the eigen-
values are (i) + td0ε(k) and t` + td`ε(k) respectively, where
ε(k) = 2 cos
(
pik
S + 1
)
(40)
Notice that we are considering a planar geometry, namely
the coupling of the chains is open at the boundary. If
7we consider instead periodic boundary condition, namely
the first and the last chains are coupled, the matrices
Eqs. (38), (39) would have had elements td0 and td` respec-
tively at the right-top and bottom-left corners. In that
case Eq. (40) should be replaced by ε(k) = 2 cos
( 2pik
S
)
.
The S-chains model, therefore, can be decoupled to S
Aubry-André chains, labeled by the index k = 1, . . . S,
that satisfy the following eigenvalue equations[
En − (i)− td0 ε(k)
]
ψkn,i (41)
=
∑
`
(
t` + td` ε(k)
) (
ψkn,i+` + ψkn,i−`
)
.
In the case of several coupled chains a clarification about
the localization phase is in order. The system can be
considered as two-dimensional with size S × L, and since
in the direction of the array of the chains, let us call it y-
direction, the couplings are due to homogeneous hopping
parameters, the localization of the wavefunctions induced
by the quasiperiodic potential can occur only along the
direction of the Aubry-Andrè chains, x-direction. As
a result, for finite systems, the IPR of a generic n-th
normalized eigenstate will be limited by
1
SL
< I
(n)
P .
1
S
, (42)
more precisely, for open boundary conditions, I(n)P < 32S .
A. Nearest-neighbor hopping
Let us consider the nearest-neighbor hopping case (j =
i ± 1) depicted in Fig. 9. The S effective uncoupled
Figure 9: Many coupled chains: the red line describes the
nearest-neighbor intra-chain hopping t1, the blue line the trans-
verse inter-chain hopping td0, the green line nearest-neighbor
inter-chain hopping td1.
Aubry-André chains have the following critical potentials
λkc = 2
(
t1 + td1 ε(k)
)
(43)
As shown in Fig. 10, the critical potentials divide the
phase diagram into three regions. For λ < λSc all the
eigenstates are extended while for λ > λ1c are all localized.
Figure 10: Inverse participation ratio (IPR), in 10-base loga-
rithmic scale, for S = 5 coupled Aubry-Andé chains (L = 200)
with nearest-neighbor hopping t1 = 1, td1 = 0.2, and td0 = 0.5.
The vertical lines are described by Eq. (43), with k = 1, . . . , S,
from right (red line) to left (blue line).
S
0 5 10 15 20 25
cλ
1.2
1.4
1.6
1.8
2
2.2
2.4
2.6
2.8
Figure 11: Critical amplitudes of the effective uncoupled
Aubry-André chains, Eq. (43), for different numbers S of
originally coupled chains, for t1 = 1 and td1 = 0.2.
For λSc < λ < λ1c , instead, there is an intermediate region
where localized and extended states coexist. This region
increases with the number of chains but is delimited by
t1 − 2td1 < λ < t1 + 2td1, as shown in Fig. 11.
B. Next-nearest-neighbor hopping
Let us now consider next-nearest-neighbor hopping terms
(Fig. 12), supposing that further terms are exponentially
small. In this case, after decoupling the chains we get the
following S critical Aubry-André amplitudes
λkc =
2
(
t1 + td1 ε(k)
)
+ 2
(
En − td0 ε(k)
)
Ak
1 +A2k
(44)
where
Ak =
t2 + td2 ε(k)
t1 + td1 ε(k)
(45)
These expressions are the generalization of Eqs. (26)-(29),
already seen for two chains. Examples of the transitions
obtained for three and five coupled Aubry-André chains
are given in Fig. 13. If we now impose the condition
8Figure 12: Many coupled chains: the red line describes the
nearest-neighbor intra-chain hopping t1, the blue line the trans-
verse inter-chain hopping td0, the green line nearest-neighbor
inter-chain hopping td1, the pink line the next-nearest-neighbor
hopping t2, the yellow line the inter-chain hopping td2.
Figure 13: Inverse participation ratio (IPR), in 10-base loga-
rithmic scale, for S = 3 and S = 5 coupled Aubry-Andé chains
(L = 200) with next-nearest-neighbor hopping parameters
t1 = 1, t2 = td1 = 0.1, td2 = 0.05 and td0 = 0.5. The straight
lines are given by Eq. (44), with k = 1, . . . , S, from red to blue
lines in a counterclockwise order.
λkc = λk
′
c , solving this equation in terms of the energy we
get
E∗ = 1(Ak′ −Ak)(1−Ak′Ak)
[
(1 +A2k′)(td1 −Aktd0)ε(k)
− (1 +A2k)(td1 −Ak′td0)ε(k′) + t1(A2k′ −A2k)
]
(46)
For all k and k′ such that (Ak′ − Ak)(1 − Ak′Ak) 6= 0,
we can get S(S−1)2 different solutions E∗ (see for instance
Fig. 13). If, otherwise, Ak = Ak′ or equivalently, in
terms of the hopping parameters, t1td2 = t2td1, which is
the same condition as before, reported in Eq. (31), all
the straight lines described by Eq. (44) have the same
slope, independently from k, that is 2t2/t1
1+
(
t2
t1
)2 . If we now
impose a further condition, td0 =
td1
t2
t1, Eq. (32), all the
parallel lines overlap each other as shown in Fig. 14 and
we get a unique mobility edge, expressed again by Eq. (3),
dividing the extended states from the localized ones in
the x-direction.
Figure 14: Inverse participation ratio (IPR), in 10-base
logarithmic scale, for S = 3 coupled Aubry-Andé chains
(L = 200) with next-nearest-neighbor hopping parameters
t1 = 1, td1 = t2 = 0.1, td2 = 0.01, td0 = 1. Since Eqs. (31), (32)
are fulfilled, so that the critical line can be written in terms of
only the ratio t1/t2, the mobility edge, described by the blue
straight line, is given by Eq. (3).
C. Long-range hopping among the chains
A further generalization of what seen so far can be
obtained allowing for longer-range coupling among the
chains, although the physics is qualitatively the same as
that seen in the last case. Imposing for simplicity periodic
boundary conditions in the transverse direction, namely,
along the array of the chains, assuming an exponential
decay of the hopping terms, Eq. (44) should be replaced
by
λkc =
2 (t1 + P1(k)) + 2 (En − P0(k))Ak
1 +A2k
(47)
where now Ak is also replaced by
Ak =
t2 + P2(k)
t1 + P1(k) (48)
depending on the spectrum along the transverse direction
P`(k) = 2
S−1∑
γ=1
td`,γ cos(2piγk/S). (49)
It is worth remembering that the validity of Eq. (47) is
based on the assumtion that (t` + P`(k)) decays exponen-
tially with `, so that Ak in Eq. (48) is the exponential
9factor. Referring to the Hamiltonian in Eq. (36), the
hopping parameters are defined by td0,γ = td0,α α±γ and
td`,γ = tdi i±`,αα±γ . Also in this case, imposing the condi-
tion λkc = λk
′
c we get the crossing points as in Eq. (46),
where the terms td`ε(k) are replaced by P`(k), in the hy-
pothesis of a non-vanishing denominator.
If, instead we impose Ak = Ak′ , for any k and k′, we get
the condition
t1
t2
=
td1,γ
td2,γ
, ∀ γ , (50)
as in Eq. (31), so that Ak = t2/t1 drops the k-dependence.
In this condition, requiring λkc = λk
′
c , we obtain
t1
t2
=
td0,γ
td1,γ
, ∀ γ , (51)
as in Eq. (32), which brings to have a unique mobility edge
described by Eq. (3). In conclusions, also in the most
general case treated here, where all the several chains
are coupled together, Eq. (47) can be reduce to Eq. (3),
the same mobility edge as that of a single chain with
exponentially decaying hopping terms.
V. 2D AUBRY ANDRÉ MODEL: SQUARE
LATTICE WITH QUASI-PERIODICITY IN
BOTH DIRECTIONS
Let us now consider a final further generalization, cou-
pling (by simply transverse nearest neighbor hopping td0)
S different Aubry-André chains with single-site shifted en-
ergies between two neighboring chains. For S and L both
very large we get a generalization of the Aubry-André
model in two dimensions (2D), being the quasiperiodic
potential in both directions. The system is described by
the following Hamiltonian
H =
∑
〈i,j〉,α
t1cˆ
†
i,αcˆj,α +
∑
i,〈α,β〉
td0 cˆ
†
i,αcˆi,β +
∑
i,α
(i, α)cˆ†i,αcˆi,α
(52)
where we will consider t1 = td0 = 1 (the same hopping
in both x and y directions). The on-site energies are
obtained by shifting the chains, namely,
(i, α) = λ cos (2piτ(i+ `α)) . (53)
In general one can use (i, α) = λ cos(2piτ(`xi + `yα)),
so that for `y = 0 and `x = 1, we recover the result for
quasiperiodic potential in x-direction, as seen before, and
for `y = 1 and `x = 0 the same but with the potential
in y-direction. In these cases we have the usual critical
potential, λc = 2t1 or λc = 2td0, as in the standard Aubry-
André model, because of the perfect decoupling. We
will consider also the case where ` is a random value
which takes values −1, 0, 1, meaning that the chains are
randomly shifted by at most one lattice step.
We will consider also a truly aperiodic 2D Aubry-André
model using the potential
(i, α) = λ cos(2piτi) + λ cos(2pipα), (54)
where p is an irrational number, we will take p =
√
2.
A. Two coupled chains with shift
Let us first consider two chains, which are now not iden-
tical, coupled by a simple transverse hopping t0, and the
intra-chain hopping parameter is only t1. The energies of
the first chain ε(i, 1) are equal to the energies of the sec-
ond chain after a translation of ` sites, ε(i, 2) = ε(i+ `, 1)
(with ` an integer number). We can rewrite the Hamil-
tonian as in Eq. (8) with E(i) =
(
(i) td0
td0 (i+ `)
)
and
T1 =
(
t1 0
0 t1
)
. Even if E and T1 trivially commutes so
that they can be diagonalized simultaneously as in the
case of two identical chains, since the transformation of
the fields is not global, we cannot decouple the systems
into two uncoupled Aubry-André chains, as done before.
Alternatively one can show that choosing a different basis
the energy term is not diagonalizable, see Appendix A.
We have, therefore, to resort to numerical exact diago-
nalization. An example of the IPR for a system of two
coupled chains with t1 = td0 and with shift in energies
` = 1 is reported in Fig. 15. It is important to note
that the transition between localized and extended states
depends strongly on the energy level, in contrast to what
happens for identical chains (` = 0) where the transition
occurs at λ = 2t1, independently of the energy.
Figure 15: Inverse participation ratio (IPR), in 10-base
log-scale, for two coupled Aubry-André chains (S = 2 and
L = 200), with single-site shifted energies, (i+ 1, 1) = (i, 2),
and with nearest-neighbor hopping t1 = td0 = 1.
B. Many coupled chains with shift
We can now put together more than two chains with
single-site energy shifts between nearest neighbor chains.
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When the number of chains S is of the same order of the
length of the chains L we realize the generalization of
the Aubry-André model in two dimensions, on a square
lattice. For td0 = t1 = 1 and S = L = 50 the results for
IPR in logarithmic scale (log10(I
(n)
P ) for any energy levels
n) are reported in Fig. 16. Although the IPR is expected
to takes value between 1/SL and 1, we observe that, even
for large potential λ, the IPR is far from 1 (its log is far
from 0) meaning that the eigenstates are far from being
strongly localized. This result suggests that, even for large
Figure 16: Inverse participation ratio (IPR), in 10-base log-
scale, for many coupled Aubry-André models, Eqs. (52), (53),
with L = S = 50, and nearest-neighbor hopping t1 = td0 = 1.
quasidisorder potential, the eigenstates remain somewhat
extended, with values of IP of order of magnitude 1/L.
This behavior can be explained in the thermodynamic
limit, for S,L → ∞, where a transverse periodic-
ity occurs, by applying the transformation cˆi,α =∑
k e
−ık(i−α)cˆi+α(k), so that the Hamiltonian, Eq. (52)
with Eq. (53), can be written as H = ∑kHk, where
Hk = t(k)
∑
i,δ=±1
cˆ†i (k)cˆi+δ(k) +
∑
i
(i)cˆ†i (k)cˆi(k) (55)
with (i) = λ cos(2piτi) and t(k) = 2t1 cos(k), for t1 = td0.
As a result the system is decoupled to infinitely many
1D Aubry-André models labeled by the mode numbers
k, for which the transition occurs at λ = 2|t(k)|. This
means that for λ < 4t1 we have localized and extended
states while for λ > 4t1 we have only localized states (as
clearly shown in Fig. 16), still in (xˆ− yˆ)-direction, being
the system periodic, the states remain extended. The
localization is therefore only partial so that, for L ∼ S,
the IPR goes like 1/L for large λ (see Fig. 18, the red
curve for the average IPR).
A stronger localization can be obtained by coupling chains
which are randomly shifted, namely with energies as in
Eq. (53) but where ` takes random integer values. The
corresponding IPR is more blurred than that of Fig. 16
while for large λ it behaves like the IPR of the 2D An-
derson model (see the violet dashed line in Fig. 18 which
is the average IPR, where ` takes randomly the values
−1, 0, 1, uniformly distributed).
C. Truly aperiodic 2D Aubry-André model
Finaly, let us consider a truly aperiodic 2D Aubry-André
model, with on-site energies given by Eq. (54) (we used
p =
√
2). In this case the system is not periodic in any
directions. We calculated the eigenvalues and eigenstates
numerically finding that the IPR exhibits again a sharp
phase transition at λ = 2 (in units of t1 = td0), as one can
clearly see from Fig. 17. In this case the all states are
localized for λ > 2 and the localization is more pronunced
than that of the prevous system, made by shifted chains,
and that of a 2D Anderson model, with the IPR which
goes rapidly to 1.
Figure 17: Inverse participation ratio (IPR), in 10-base log-
scale, for the 2D Aubry-André, with energies given by Eq. (54),
with p =
√
2, and where L = S = 50, and nearest-neighbor
hopping t1 = td = 1.
D. Comparison with 2D Anderson model
In order to clarify the results for the 2D Aubry-André
model it is useful to make a comparison with what one
might obtain if the quasidisorder were replaced by a
true uncorrelated disorder, as in the 2D Anderson model.
We, therefore, solve the eigenproblem for an Hamilto-
nian as in Eq. (52), with ε(i, α) replaced by random
variables uniformly distributed between −λ and λ. The
value of λ is, therefore, the strength of disorder. In
Fig. 18 we plot the average inverse participation ratio,
〈IP 〉 = 1SL
∑SL
n=1 I
(n)
P , for 2D Aubry-André model ob-
tained by coupling many chains uniformly shifted (red
curve) or randomly shifted (violet dashed line), so that
the potential is given by Eq. (53), or by applying an
aperiodic potential like Eq. (54), so that we get a truly
aperiodic 2D Aubry-André model (green line), in order to
compare with the 2D Anderson model where the potential
is an uncorrelated disorder (blue line). We observe that
〈IP 〉 depends weakly on λ, in the strong quasidisorder
regime, for the system composed of shifted chains (red
line). Indeed the curve is flat upon increasing λ, almost
fixed at a value of the order of 1/L. On the contrary,
for the 2D Anderson model with large disorder, suppos-
ing 〈IP 〉 ∼ 1/ξ2, where ξ is the localization length, we
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Figure 18: Average inverse participation ratio, over all
the eigenstates, in 10-base log-scale, for the generalized 2D
Aubry-André model obtained by uniformly shifting the chains,
Eq. (53) (red curve), for the same Aubry-André model but
where the coupled chains are randomly shifted (violet dashed
line), for the 2D Anderson model (blue curve), and for the
truly aperiodic 2D Aubry-André model, Eq. (54) (green line).
All these models are defined on a square lattice with size
L = S = 30 and nearest-neighbor hopping t1 = td0 = 1. Inset:
Inverse participation ratio, in 10-base log scale, for the 2D
Anderson model with S = L = 30 and t1 = td0 = 1, as function
of the energy levels and λ.
find numerically that ξ ∼ ec/λ (with c ≈ 5 in units of
t1 = td0) in agreement with the theory of disorder systems
in two dimensions [3]. For uncorrelated disorder, there-
fore, the eigenstates, on average, are much more localized
than those obtained with the Aubry-André potential in
Eq. (53). This finding suggests that the connectivity in
a quasidisordered network is much higher than that of
a disordered one. On the contrary, if the 2D system is
made by randomly coupling many Aubry-André chains
(violet dashed line) the localization effect is similar to
the 2D Anderson model on average. A definitely stronger
and sharper transition to localization regime is obtained
by applying an aperiodic potential in both directions as
described by Eq. (54) (green line).
VI. CONCLUSIONS
We studied the physics of coupled Aubry-André models
showing how an intermediate phase can appear, where
localized and extended states coexist. This coexistence
is actually a mixture of states which can be understood
easily after decoupling the system and getting effective
decoupled Aubry-André chains with different transition
points. We suggest that a weak coupling among the chains
that are produced in the experiments can contribute to
the discrepancy between the theoretical predictions of
a vanishing intermediate phase and the observations of
a wider regime of coexistence in the tight binding limit.
We derive the conditions under which there is a unique
well-defined mobility edge in such coupled systems that
separates unambiguously the localized from the extended
wavefunctions. Finally we study some localization prop-
erties in the case of a 2D Aubry-André model obtained
by coupling several chains with shifted on-site energies,
finding that the extension of the wavefunctions is, on
average, much greater than that of the states obtained
solving the Anderson model. On the contrary, using a
quasiperiodic potential in both directions as described in
Eq. (54) the localization regime is more pronounced and
a sharp phase transition occurs.
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Appendix A: Two shifted coupled chains
We can rewrite the Hamiltonian (52), for two chains with
energies (53) and ` = 1, similarly to Eq. (8), introducing
the spinor bˆi =
(
cˆi,1
cˆi−1,2
)
, also in the following way
H =
∑
i
bˆ†iE(i)bˆi +
∑
i
(
bˆ†iT
t bˆi+1 + bˆ†i+1T bˆi
)
, (A1)
with E(i) =
(
(i) 0
0 (i)
)
, T =
(
t1 0
td0 t1
)
=
(
1 0
1 1
)
and
T t its transpose matrix, where we choose t1 = td0 = 1.
Writing
φ(i) =
(
ψ
(1)
n,i
ψ
(2)
n,i−1
)
(A2)
we get the following equation
[E − (i)]φ(i) = Tφ(i− 1) + T tφ(i+ 1) (A3)
Let us introduce the following transformation φ(i) =
(eıασy)i φ˜(i), with eıα an arbitrary phase, and σy the
second Pauli matrix, so that
[E − (i)] (eıασy)i φ˜(i) = T (eıασy)i−1 φ˜(i− 1)
+ T t (eıασy)i+1 φ˜(i+ 1) (A4)
We have to distinguish two cases: when i is even (i = 2`),
[E − (2`)] φ˜(2`) = Tσye−ıαφ˜(2`− 1)
+ T tσyeıαφ˜(2`+ 1) (A5)
or when i is odd (i = 2`+ 1),
[E − (2`+ 1)] φ˜(2`+ 1) = σyTe−ıαφ˜(2`)
+ σyT teıαφ˜(2`+ 2) (A6)
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Since [Tσy, T tσy] = 0 and [σyT, σyT t] = 0, we can find a
basis to decouple the hopping terms in both cases. Making
the transformation φ˜(i) = P (i)Ψ(i), where
P (i) =
( 1 1
−(−1)i−ı√3
2
−(−1)i+ı√3
2
)
, (A7)
and calling Po = P (2`−1) and Pe = P (2`), after applying
P−1o in Eq. (A5) and P−1e in Eq. (A6), we get for the
both cases
[E − (i)] E˜(i)Ψ(i) = DLΨ(i− 1) +DRΨ(i+ 1) (A8)
where
DL = e−ıαP−1o TσyPo = e−ıαP−1e σyTPe
= e−ıα
(
−√3−ı
2 0
0
√
3−ı
2
)
(A9)
DR = eıαP−1o T tσyPo = eıαP−1e σyT tPe
= eıα
(
−√3+ı
2 0
0
√
3+ı
2
)
(A10)
E˜(i) =
(
1− ı√3 (−1)i − ı√3 (−1)i
ı√
3 (−1)i 1 + ı√3 (−1)i
)
(A11)
where E(2`) = P−1o Pe and E(2`+ 1) = P−1e Po.
DL = D∗R and choosing e−ıα =
(
−√3+ı
2
)
, we get DL =
D∗R =
(1 0
0 −1+ı
√
3
2
)
. The matrix E˜(i), instead, has only
eigenvalue 1 with multiplicity 2, therefore not diagonaliz-
able, and it is also 2-periodic, E˜(i) = E˜(i+1)∗ = E˜(i+2).
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